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The recent exploration of the valley degree of freedom in photonic systems has enriched the topological phases
of light and brought the robust transport of edge states around sharp bends. The two and more simultaneous band
gaps in valley-Hall systems have attracted researchers’ attention for enlarging the working bandwidth. However,
band gaps with frequency range dependent topology were not reported and the demonstrated flow of electro-
magnetic waves is limited to the robust transport of edge states. Here, the frequency range degree of freedom
is introduced into valley photonic crystals with dual band gaps. Based on the high-order plane-wave expansion
model, we derive an effective Hamiltonian which characterizes dual band gaps. Metallic valley photonic crystals
are demonstrated as examples in which all four topological phases are found. At the domain walls between
topologically distinct valley photonic crystals, frequency range dependent edge states are demonstrated and
a broadband photonic detouring is proposed. Our findings provide the guidance for designing the frequency
range dependent property of topological structures and show its potential applications in wavelength division
multiplexers.
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I. INTRODUCTION

Topological photonics [1–4] has attracted much atten-
tion for its practical applications in photonic diodes, robust
waveguides, high-Q cavities, and low-threshold lasers [5–15].
Recently, the valley, which marks the energy extrema of band
structure, has been widely studied in two-dimensional lay-
ered materials [16–18] and borrowed into the photonic realm
[19–33]. Around two inequivalent Brillouin-zone corners, i.e.,
K ′ and K points, bulk bands have opposite Berry curvature.
As a result, the bulk band is characterized by a nonzero
valley Chern number and there are deterministic edge states
within the band gap above the bulk band. Up to now, as the
time-reversal symmetry is preserved, valley-Hall topological
phases and the resultant edge states can be achieved in all-
dielectric photonic crystals [19,28], helical waveguides [23],
designer surface plasmon crystals [21], and plasmonic crystals
[32,33]. Many intriguing phenomena, such as robust delay
lines [19], perfect refraction [22], tunable excitation [28],
and reconfigurable transmission [31], have been proposed or
demonstrated. On the other hand, the frequency range degree
of freedom is widely used in communication and informa-
tion processing. The utilization of frequency range degree of
freedom makes it possible to transfer and process signals at
multifrequencies and increase the channel capacity of pho-
tonic devices [34–37]. Based on the frequency range degree
of freedom, many multiband devices, such as multiband filters
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[38], multiband transceivers [39], and multifunctional pho-
tonic crystal fiber splitters [40], are proposed.

Recently, two or more simultaneous band gaps have been
discussed in valley-Hall systems and they enlarge the work-
ing bandwidth of waveguides [41,42]. However, band gaps
with frequency range dependent topologies were not reported
and the demonstrated flow of electromagnetic waves was
limited to the robust transport of edge states. In this work,
we introduce the frequency range degree of freedom into
valley photonic crystals (VPCs) with dual band gaps. To
model dual band gaps at two different frequency ranges, an
effective Hamiltonian based on the high-order plane-wave ex-
pansion model is obtained. All four topological phases of dual
band gaps are found by changing two structural parameters
of the designed metallic valley photonic crystals. Frequency
range dependent edge states are demonstrated at domain walls
between VPCs with frequency range dependent topologies.
With three joint VPCs, the broadband photonic detouring is
demonstrated by switching the operating frequency. Our work
may have potential applications in multiband photonic devices
such as wavelength division multiplexers.

II. EFFECTIVE HAMILTONIAN

Without loss of generality, we consider the two-
dimensional triangular photonic crystals (PCs) [Fig. 1(a)].
We focus on the transverse magnetic modes, and hence the
out-of-plane relative permittivity εz and the in-plane relative
permeability μ|| are concerned. By considering the Maxwell
equations with the nonzero electromagnetic fields of (Hx, Hy,
Ez) and replacing Hx and Hy by Ez, we obtain

ω2ε0μ0εz(r)Ez(r) + (
∂2

x + ∂2
y

)
Ez(r) = 0. (1)
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FIG. 1. Dual band gaps in valley photonic crystals (VPCs).
(a) The two-dimensional triangular VPC whose unit cell contains
one circle-bar shaped metallic rod in the dielectric background with
ε = 2.25. The lattice constant is given by a. The right inset shows five
structural parameters of the metallic rod, i.e., (r, l , w, θ , α). Labels p
and q indicate two different triangular-lattice centers. (b) Schematic
of two sets of reciprocal-lattice vectors used for the plane-wave ex-
pansion around the K points. The first set makes |K + Gi| = K (three
magenta arrows at the left) while the second set makes |K + Gi| =
2K (three cyan arrows at the right). Within the Brillouin zone, the
inequivalent K and K ′ points are colored in light and dark gray.
(c) The bulk bands of VPC with a = 20 mm, r = 6.57 mm, l =
7.53 mm, w = 0.5 mm θ = −10◦, and α = 8◦ (named VPC1 for
short). Dual band gaps, i.e., gap 1 and gap 2 are found. The first
(fourth) bulk states at the K point is labeled by the p− (q+) state
according to the position where its |Ez| fields vanish and the winding
direction of its energy fluxes. (d) |Ez| fields and energy fluxes of the
first and fourth bulk states at the K point.

To protect the structural symmetry and achieve fre-
quency isolated Dirac cones, we focus on PCs whose unit
cell possesses C3 rotation symmetric permittivity distribu-
tion εz(r) [e.g., one presented in Fig. 1(a)]. By applying
the periodicity of the PC, we can expand Ez(r) and εz(r)
as Ez(r) = ∑

G EGei(q+G)·r, εz(r) = ∑
G βGeiG·r where q is

the reciprocal wave vector and G is the reciprocal-lattice
vector. Substitute them into Eq. (1), we get equations for

each G:

ω2ε0μ0

∑

G′
(βG−G′EG′ ) − [(qx + Gx )2 + (qy + Gy)2]EG = 0.

(2)
To analyze the Dirac cones locating around the corners

of the Brillouin zone, we first consider the K point and its
adjacent k points. This makes qx = K + δkx and qy = δky,
where K = 4π/3a. To analyze dual band gaps locating at
two different frequency ranges, we consider the first set
of three reciprocal-lattice vectors which makes |K + Gi| =
K , i.e., G0 = (0, 0), G1 = (−3K/2,

√
3K/2), G2 = (−3K/2,

−√
3K/2), and the second set which makes |K + Gi| =

2K , i.e., G3 = (−3K, 0), G4 = (0,
√

3K ), G5 = (0,−√
3K )

[Fig. 1(b)]. By considering these six reciprocal-lattice vectors
and omitting two singular bands, the valley-Hall dual band
gaps are described by the effective Hamiltonian [43]:

δĤ = v̂D � (τ̂z ζ̂zσ̂xδkx + σ̂yδky) + λ̂ � σ̂z, (3)

where (δkx, δky) measures from the K or K ′ point to one
certain k point, v̂D is the photonic Dirac velocity. σ̂i, τ̂i, and
ζ̂i are the Pauli matrices acting on sublattice, valley spaces,
and band gap spaces, respectively. The last term λ̂ � σ̂z

opens frequency band gaps with the bandwidth of 2λ1 and
2λ2. This effective Hamiltonian indicates that the valley
Chern number is given by Cvn = ζzsgn(λn), n = 1, 2. Here
λ1 = i(

√
3ε0μ0ω

3
D1/4K2)(βG2 − βG1 ), λ2 = i(

√
3ε0μ0ω

3
D2/

16K2)(β2G2 − β2G1 ), where ωD1 = K[ε0μ0(βG0 − βG1/2 −
βG2/2)]−1/2 and ωD2 = 2K[ε0μ0(βG0 − β2G1/2 − β2G2/

2)]−1/2. According to the Fourier transform, βG1 and βG2

(β2G1 and β2G2 ) are complex conjugate. As a result, βG2 − βG1

(β2G2 − β2G1 ) is a pure imaginary number and λ1 (λ2) is a
real number. It indicates that the valley Chern numbers, i.e.,
Cv1 and Cv2, are determined by the signs of i(βG2 − βG1 ) and
i(β2G2 − β2G1 ). Note that the “valley Chern number” used in
this paper is “gap valley Chern number,” which characterizes
the topology of a band gap and equals the summation of
band valley Chern numbers of bulk bands below the gap. As
the valley Chern number is quantized to be −1 or 1, we can
achieve four and only four topological phases of dual band
gaps characterized by (Cv1, Cv2), and this can be realized by
carefully designing the unit cell of PCs.

III. DUAL BAND GAPS AND TOPOLOGICAL PHASES

To realize all four topological phases, we consider the
metallic VPC as a concrete example. As depicted in Fig. 1(a),
the lattice constant is a = 20 mm. The unit cell contains a
circle-bar shaped metallic rod embedded in the background
whose permittivity is ε = 2.25. The metallic rod consists of
a circle with the radius of r, six bars with the length of l and
the width of w. The metallic material works as perfect electric
conductor (PEC). Throughout this work, we fix these three
structural parameters to be r = 6.57 mm, l = 7.53 mm, and
w = 0.5 mm. Six bars are classified into three same groups
which are separated by an angular distance of 120°. The
central angular position of each group is given by θ and the an-
gular distance between two bars within each group is given by
2α. They are limited by −60◦ < θ � 60◦ and 2.18◦ �α� 30◦
due to the C3 rotation symmetry and the size of the metallic
rod. Then, we have two structural parameters, i.e., (θ, α) to

174202-2



FREQUENCY RANGE DEPENDENT TOPOLOGICAL PHASES … PHYSICAL REVIEW B 102, 174202 (2020)

change the unit cell of VPCs and observe the topological
phase transition. Figure 1(c) shows bulk bands of the VPC
with θ = −10◦ and α = 8◦ (named as VPC1). From 10 to 22
GHz, there are dual band gaps whose frequencies respectively
range from 12.50 to 13.26 GHz (i.e., gap 1) and from 19.01
to 19.58 GHz (i.e., gap 2). Although both dual band gaps
are omnidirectional, they are characterized by different valley
Chern numbers which can be inspected by the eigenfields of
bulk states just below the band gap [28]. To see this, |Ez| fields
and energy fluxes of the first (fourth) bulk state, which is just
below gap 1 (gap 2), are shown in Fig. 1(d). The first bulk
state has its Ez fields vanishing and has clockwise energy flux
vortex at triangular-lattice centers p of the unit cell, and we
label it as the p− state. On the contrary, the fourth bulk state
has its fields vanishing and anticlockwise energy flux vortex
at triangular-lattice centers q of the unit cell, and we label it as
the q+ state. Bulk states below gap 1 and gap 2 have contrast-
ing field distributions. It leads that gap 1 is characterized by
the valley Chern number of Cv1 = 1 and gap 2 by Cv2 = −1.

We can reconfigure the metallic VPCs by changing the
structural parameters of θ and α, to have different topolog-
ical phases and the associated phase diagram [Fig. 2(a)].
Note that the diagram only shows the topologies of PCs
with −30◦ � θ � 30◦ as those of PCs with |θ | > 30◦ can
be predicted by the symmetry analysis. In the phase dia-
gram, the dashed (solid) curve plots the boundary where
the closing of gap 1 and gap 2 simultaneously (only gap 2)
happens. These two curves divide the whole diagram into
four domains which are indexed by Roman numerals from
I to IV. In each domain, VPCs are characterized by a pair
of valley Chern numbers, i.e., (Cv1, Cv2). For example, the
above discussed VPC1 is characterized by (1, −1) and lo-
cates in domain I (marked by the red dot). Phase transition
can be observed by changing or θ and α. For example,
we first consider the case of keeping α but changing θ .
Figure 2(b) shows the evolution of bulk states at the K point as
a function of θ (keeping α = 8◦). Around the phase-transition
point at θ = 0◦, the first and second bulk states come closer,
meet each other, and move apart. A similar case is also found
between the fourth and fifth bulk states around gap 2. After
the state exchange, both gap 1 and gap 2 experience the
topological phase transition, and the resultant VPC is char-
acterized by Cv1 = −1 and Cv2 = 1 and locates in domain
II. As an example, we consider the VPC with θ = −10◦ and
α = 8◦, e.g., the VPC2 (marked by the blue dot). Figure 2(c)
shows its corresponding bulk bands and the eigenfields of
bulk states below dual band gaps. The first bulk state has its
fields vanishing and has an anticlockwise energy flux vortex
at triangular-lattice centers p of the unit cell, while the fourth
bulk state has its fields vanishing and has an clockwise en-
ergy flux vortex at triangular-lattice centers q of the unit cell
[Fig. 2(c)]. The difference between these field distributions is
in agreement with the fact that dual band gaps have opposite
valley Chern numbers.

Within domain I and domain II, Cv1 and Cv2 are opposite.
However, there are another two topological phases in which
Cv1 and Cv2 are the same, i.e., phases in domain III and do-
main IV [Fig. 2(a)]. To realize these new phases, we consider
the case of changing VPC1 by keeping θ but changing α.
Figure 2(d) shows the evolution of bulk states at the K point

FIG. 2. Phase diagram and topological phase transition. (a) The
phase diagram of dual band gaps of VPCs with varied θ and α. The
dashed (solid) curve shows the boundary where the closing of gap
1 and gap 2 simultaneously (only gap 2) happens. These two curves
divide the diagram into four domains which are characterized by a
pair of valley Chern numbers (Cv1, Cv2) and indexed by the Roman
numerals. Three representative VPCs in different phases are labeled
by colored dots. (b) The evolution of bulk states at the K point as a
function of θ when α is fixed at α = 8◦. The phase transition happens
at θ = 0◦ with the closing of both gap 1 and gap 2. (c) The bulk
bands of VPC2 with θ = 10◦ and α = 8◦. The |Ez| fields and energy
fluxes of the first and fourth bulk states at the K point, i.e., q+ and
p− states, are shown. (d) The evolution of the bulk states at K point
as a function of α when θ is fixed at θ = −10◦. The phase transition
happens at α = 14.75◦ with the closing of gap 2 but not gap 1. (e) The
bulk bands of VPC3 with θ = −10◦ and α = 20◦. The |Ez| fields and
energy fluxes of the first and fourth bulk states (both are p− states)
are shown.

as a function of α (keeping θ = −10◦). There is no exchange
between the first and the second bulk states and hence the
topology of gap 1 keeps unchanged. On the contrary, there
is an exchange between the fourth and the fifth bulk states,
indicating the change of the topology of gap 2. As an example,
we consider the VPC with θ = −10◦ and α = 20◦, named
as VPC3 and marked by the green dot in Fig. 2(a). Its bulk
bands are shown in Fig. 2(e) along with eigenfields of two
bulk states. As both fields are vanished and has clockwise
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FIG. 3. Frequency-dependent edge states. (a)–(c) Edge dispersions of the domain wall between (a) VPC1 and VPC2, (b) VPC1 and VPC3,
(c) VPC3 and VPC2. The schematics of domain wall are shown as insets. Valley-dependent edge states are found at both band gaps in (a),
while they exist in only one band gap in (b) and (c). (d), (e) The Ez fields and their Fourier transforms of two representative edge states (marked
by the cyan and purple stars) of the domain wall in (a).

energy vortex at triangular-lattice centers p, the first and fourth
bulk states are both p− states, indicating gap 1 and gap 2 have
the same topology. This is in agreement with the fact that
Cv1 = Cv2 = 1. Based on the symmetry analysis, the topologi-
cal phase with Cv1 = −1 and Cv2 = −1 can be achieved in the
VPC with θ = 10◦ and α = 20◦. So far, all four topological
phases have been demonstrated in our proposed VPCs. By
employing the frequency range degree of freedom, we can
independently control two valley Chern numbers (i.e., Cv1

and Cv2) which characterize the topology of band gaps at two
different frequency ranges.

In order to confirm the accuracy of the valley Chern num-
bers analyzed from the field distribution, we also calculate
the Berry curvature of bulk bands around the K and K ′ point
for VPC1 and VPC3 [43]. The Berry curvatures of the first,
second, fourth, and fifth bands are localized around the K and
K ′ point. From the Berry curvature, we can infer the band
valley Chern numbers and get the gap valley Chern numbers.
The valley Chern numbers analyzed from Berry curvature
agree with the results based on field distribution and effective
Hamiltonian.

IV. FREQUENCY RANGE DEPENDENT EDGE STATES
AND BROADBAND PHOTONIC DETOURING

With the obtained four topological phases, we can realize
frequency range dependent edge states. To see this, we first
consider the domain wall between VPC1 at the top and VPC2

at the bottom [inset of Fig. 3(a)]. For VPC1 and VPC2, gap
1 (gap 2) is respectively characterized by Cv1 = 1 and Cv1 =
−1 (Cv2 = −1 and Cv2 = 1). Therefore, these two VPCs are
topologically distinct and edge states should be found in both
dual band gaps. Figure 3(a) shows the dispersion of the cor-
responding edge states (marked in red). There are edge states
covering the whole dual band gaps. In addition, the differences
of valley index at the K valley crossing the domain wall are
−1 and 1 for gap 1 and gap 2. As a result, the direction of the
group velocity of edge states within gap 1 at the K valley is
negative, while that within gap 2 is switched to be positive.
Figures 3(d) and 3(e) show Ez fields of two representative
edge states at the K valley at 9.19 GHz in gap 1 and 16.11 GHz
in gap 2. The Fourier transforms of the field distributions of
both edge states are presented and both have high intensity
around the K points. For the edge state in gap 1, the highest k
components locate within the first Brillouin zone [right panel
of Fig. 3(d)]. But for edge states in gap 2, some high-order k
components are excited [Fig. 3(e)]. This is reasonable as we
should expand with high-order plane waves to analyze eigen-
states with higher frequency range. In Fig. 3(a), we achieve
valley-dependent edge states in both dual band gaps. On the
other hand, we can selectively control the existence of edge
states in gap 1 or gap 2 with the obtained topological phases.
For example, we consider the domain wall between VPC1 at
the top and VPC3 at the bottom [inset of Fig. 3(b)]. As two
VPCs have gap 1 with the same topology, there is no edge
state in gap 1 which is confirmed by the numerical results
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FIG. 4. Broadband photonic detouring. (a) Schematic of structure for the photonic detouring. The source is input from the left port 1 and
received from port 2 or port 3. (b), (c) |Ez| fields of transmitted electromagnetic waves at (b) 12.95 GHz and (c) 19.10 GHz. (d), (e) The
transmission spectra from port 1 to port 2 (S21) and from port 1 to port 3 (S31) when the source operates with the frequency around (d) gap 1
and (e) gap 2. The transparent boxes highlight the frequency ranges where S21 and S31 have large difference.

[Fig. 3(b)]. But their gap 2 share different a topology, i.e.,
Cv2 = −1 for VPC1 and Cv2 = 1 for VPC3, so edge states
are found in gap 2. As a result, edge states are designed to
exist in gap 2 but not in gap 1. We can also design domain
wall for having edge states existing in gap 1 but not in gap
2. This is achieved at the domain wall between VPC3 at the
top and VPC2 at the bottom [Fig. 3(c)]. As these two VPCs
have gap 1 with different topologies but gap 2 with the same
topology, there are edge states in gap 1 but not in gap 2. By
employing the frequency range degree of freedom, we can not
only control the propagating direction of edge states, but also
control the existence of edge states in dual band gaps, i.e.,
frequency range dependent edge states can be realized.

With the presented frequency range dependent edge states,
we can realize frequency multiplexing flow of light. For ex-
ample, we can achieve the broadband photonic detouring by
switching the operating frequency [Fig. 4]. The proposed pho-
tonic device is schematically shown in Fig. 4(a). The left part
of the photonic device is the domain wall between VPC1 and
VPC2, while VPC3 is inserted into them at the right part. The
source is input from the port 1 at the left and received from
port 2 or port 3 at the right. According to edge dispersions
shown in Fig. 3, the channel from port 1 to port 2 only
supports edges states in gap 1 while the channel from port 1 to
port 3 only supports edge states in gap 2. Hence, by switching
the operating frequency from gap 1 to gap 2, the flow of light
is detoured from the lower channel to the upper channel. This
is confirmed by the numerical results presented in Figs. 4(b)
and 4(c). When edge states in gap 1 (e.g., at 12.95 GHz)
is excited, they are guided to the port 2 [Fig. 4(b)]. When
the operating frequency is switched to be in gap 2 (e.g., at
19.10 GHz), the output flow of light is redirected to port 3. To

check the performance of the proposed photonic detouring, we
calculate the transmission from port 1 to port 2 and port 3 (i.e.,
S21 and S31 ) as a function of frequency [Figs. 4(d) and 4(e)].
S21 is dominant when the frequency is operating in gap 1, i.e.,
12.80 GHz to 13.26 GHz. However, S31 is dominant when
the frequency is operating in gap 2, i.e., 19.01–19.39 GHz.
The broadband high transmission is inherent from the wide
frequency ranges of edge states. Hence, with four topological
phases and the associated frequency range dependent edge
states, we can achieve the photonic detouring which has po-
tential applications in wavelength division multiplexers.

Finally, we discuss the influence of dispersion. The
metallic material in the VPCs works as PEC, but the
PEC condition can only be satisfied in microwave and
terahertz regions. In the frequency region referred in this
work (microwave region), the permittivity of metal is a
large negative number and hardly changes with frequency.
Therefore, we can treat metallic material as PEC, which
has minus infinite and frequency-independent permittivity.
When the frequency in infrared and even visible regions is
considered, the PEC condition cannot be satisfied because the
loss of metal cannot be ignored and the permittivity becomes
finite and distinctly frequency dependent.

V. CONCLUSION

In conclusion, we propose the high-order plane-wave ex-
pansion model and analyze the frequency range dependent
topological properties in dual band gaps. With the proposed
circle-bar shaped metallic VPCs, we realize dual band gaps
and the topological phase transition by changing the an-
gular parameters θ and α. All four topological phases are
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demonstrated in a topological phase diagram. Frequency
range dependent edge states are found at the domain walls
and it leads to the broadband photonic detouring by switching
the operating frequency. The introduction of frequency range
degree of freedom into valley-Hall photonic crystals makes it
flexibly mold the flow of light. For instance in optical com-
munication, the photonic detouring has potential applications
in wavelength division multiplexers. The frequency range and
valley dependent edge states also have other potential appli-
cations involving frequency related operations.
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